In this paper, we investigate a special timelike surfaces in Anti de Sitter 3-space. We call such a timelike surface an Anti de Sitter horospherical flat surface which belongs to a class of surfaces given by one parameter families of Anti de Sitter horocycle. We give a generic classification of singularities and study the geometric properties of such surfaces from the viewpoint of Legendrian singularity theory.
Introduction
This paper is written as one of the research projects on differential geometry of submanifolds in Anti de Sitter 3-space from the viewpoint of singularity theory [2, 3, 4, 5] . It is well known that Minkowski space is a flat Lorentzian space form and de Sitter space is the Lorentzian space form with positive curvature. There are several articles for the study of submanifolds in these two Lorentzian space forms [7, 11, 12, 13, 14, 15, 16, 17, 18] . The Lorentzian space form with the negative curvature is called Anti de Sitter space which is a very important subject in Physics (the theory of general relativity, the string theory and the brane world scenario etc [23, 27, 28] ). Mathematically, Anti de Sitter space is a Lorentzian analogue of the hyperbolic space. Since hyperbolic space has a lot of interesting properties, we expect that Anti de Sitter space has much more interesting properties. In [4] we have studied the general timelike surfaces in Anti de Sitter 3-space as an application of Legendrian singularity theory. For the study of the general timelike surfaces, the AdS-nullcone Gauss image G papers [2, 3, 4, 5] . For details of Lorentzian geometry, see [25] .
We adopt the Lorentzian model of the Anti de Sitter 3-space. Let R 4 = {(x 1 , · · · , x 4 )|x i ∈ R (i = 1, · · · , 4) } be a 4-dimensional vector space. For any vectors x = (x 1 , · · · , x 4 ) and y = (y 1 , · · · , y 4 ) in R 4 , the pseudo scalar product of x and y is defined to be ⟨x, y⟩ = −x 1 y 1 − x 2 y 2 + x 3 y 3 + x 4 y 4 . We call (R 4 , ⟨, ⟩) a semi-Euclidean 4-space with index 2 and write R For a vector n ∈ R 4 2 and a real number c, we define the hyperplane with pseudo-normal n by HP (n, c) = {x ∈ R 4 2 |⟨x, n⟩ = c}. We call HP (n, c) a Lorentz hyperplane, a semi-Euclidean hyperplane with index 2 or a null hyperplane if n is timelike, spacelike or null respectively.
We now define Anti de Sitter 3-space (briefly, AdS 3-space) by H For any x 1 , x 2 , x 3 ∈ R , where {e 1 , e 2 , e 3 , e 4 } is the canonical basis of R ). We can easily check that ⟨x, x 1 ∧ x 2 ∧ x 3 ⟩ = det(x, x 1 , x 2 , x 3 ), so that x 1 ∧ x 2 ∧ x 3 is pseudo-orthogonal to any x i (for i = 1, 2, 3).
We now consider a surface given by the intersection of H 3 1 with the hyperplane HP (n, c). We call it a Anti de Sitter pseudohyperboloid with index 1 (briefly, AdS-pseudohyperboloid ), a Anti de Sitter pseudosphere with index 1 (briefly, AdS-pseudosphere) or a Anti de Sitter horosphere (briefly, AdS-horosphere ) if n is spacelike, timelike and ∥n∥ < |c| or null respectively. Especially, we denote a AdS-horosphere by AH(n, c) = H 3 1 ∩ HP (n, c). If we consider a null vector n 0 = −n/c, we have AH(n, c) = AH(n 0 , −1). We call n 0 the polar vector of AH(n 0 , −1).
We now review the extrinsic differential geometry on non-degenerate curves in H 3 1 (cf., [5] ). Let γ : I −→ H 3 1 be a regular curve (i.e., an immersion). The regular curve γ is said to be spacelike or timelike ifγ is a spacelike or timelike vector at any t ∈ I, whereγ = dγ/dt. We call such the a non-degenerate curve. Since γ is a non-degenerate curve, it admits an arc length parametrization s = s(t). Therefore, we can assume that γ(s) is a unit speed curve. Now we have the unit tangent vector t(s) = γ ′ (
s). Since ⟨γ(s), γ(s)⟩ ≡ −1, we have ⟨γ(s), t(s)⟩ ≡ 0. From a direct calculation we have ⟨γ(s), t ′ (s)⟩ = −ε, where ε = sign(t(s)). We now denote N(s) = t ′ (s) − εγ(s) and E(s) = γ(s) ∧ t(s) ∧ N(s).
It is easy to check that N and E are pseudo-normal vectors along non-degenerate curve γ in H 3 1 . We also define the curvature by k g (s) = ∥t ′ (s) − εγ(s)∥. In the case when k g (s) ̸ = 0, we can define unit vectors n(s) and e(s) by
(s) ∥N(s)∥ , e(s) = γ(s) ∧ t(s) ∧ n(s).
Then we have a pseudo orthonormal frame {γ(s), t(s), n(s), e(s)} of R det(γ(s), γ ′ (s), γ ′′ (s), γ ′′′ (s)).
We remark that if k g (s) = 0 and N(s) ̸ = 0, we have N(s) is a null vector. Since ⟨N(s) ± E(s), N(s)⟩ = 0, it follows that N(s) ± E(s) is a null vector which is parallel to the vector N(s). Moreover we call γ an Anti de Sitter horocycle (briefly, AdS-horocycle) if k g (s) ≡ 1 and τ g (x) ≡ 0. Especially, we call γ a timelike Anti de Sitter horocycle (briefly, TAdS-horocycle) or spacelike Anti de Sitter horocycle (briefly, SAdS-horocycle) if γ is a timelike curve or spacelike curve respectively.
On the other hand, we outline the extrinsic differential geometry of timelike surfaces in Anti de Sitter 3-space which was developed in previous paper [4] . Let X : U −→ H 3 1 be a regular surface (i.e., an embedding), where U ⊂ R
2 is an open subset. We denote M = X(U ) and identify M with U through the embedding X. The embedding X is said to be timelike if the induced metric I of M is Lorentzian. Throughout the remainder in this paper we assume that M is a timelike surface in H 3 1 . We define a vector N (u) by
Since the embedding is timelike and
. This map is analogous to the hyperbolic Gauss indicatrix of hypersurfaces in H n + (−1) which was defined in [10] . Here, we call it the Anti de Sitter nullcone Gauss image (briefly, AdS-nullcone Gauss image) of X(or M ). We also define a map 4 (u) ) and N (u) = (n 1 (u), n 2 (u), n 3 (u), n 4 (u)). We call it the Anti de Sitter torus Gauss map (or, AdS-torus Gauss map) of X.
We remark that the map G ± n (u) was used by S. Lee [22] to study the timelike sufaces of constant mean curvature ±1 in Anti de Sitter 3-space. He called G ± n (u) the hyperbolic Gauss map. By a direct calculation we know that G ± n is constant if and only if G ± n is constant. We have shown that the timelike surface X = M is a part of AdS-horosphere if and only if G ± n is constant.
It is easy to show that N u i (i = 1, 2) are tangent vectors of M . Therefore we have a linear transformation S
which is called the Anti de Sitter null shape operator (briefly, AdS-null shape operator ) of M = X(U ) at p = X(u). Under the identification of U and M , the derivation dX(u) can be identified with the identity mapping id TpM , this means that S
and call it the Anti de Sitter torus shape operator (briefly, AdS-torus shape operator ) of M = X(U ) at p = X(u). We remark that S ± p (resp., S ± p ) does not always have real eigenvalues. If the eigenvalues are real numbers, we denote it by k ± i (resp., k ± i ) (for i = 1, 2) and call it AdS-null principle curvature (resp., AdS-torus principle curvature).
. By a straightforward calculation we have the relation
Then we have the following relations:
We say that a point p = X(u) is a (positive or negative) Anti de Sitter horospherical parabolic
. We remark that the AdS-torus G-K curvature is not a Lorentz invariant but it is an SO(2)×SO(2)-invariant. Moreover, we have the following:
invariant under Lorentz motions if and only if k
Proof. We have the relation k
We say that a point u ∈ U or p = X(u) is an umbilic point if
We also say that M = X(U ) is totally umbilic if all points on M are umbilic. We have the following classification theorem of totally umbilical timelike surfaces (cf. [4] ):
Under this condition, we have the following classification.
(
We also call a point p ∈ M the Anti de Sitter horospherical point (briefly, AdS-horospherical point) if k ± i (p) = 0 (i = 1, 2). By this proposition we have shown that a AdS-horosphere is a totally umbilical timelike surface with k ± = 0.
Corollary 2.3 If M is totally umbilical and k
We now introduce the Lorentz metric
We can also show the following Weingarten formulas in [4] .
Proposition 2.4 With the above notations the following hold
(1) AdS-null Weingarten formula
As a corollary of the above proposition, we have the following expression of the AdS-null G-K curvature and AdS-torus G-K curvature .
Corollary 2.5
With the same notations as in the above Proposition, we have:
The AdS-horo-flat surfces
In this section we consider timelike surfaces with vanishing AdS-torus (AdS-null) G-K curvature. At each point of the timelike surface, we have two different directed AdS-nullcone Gauss images G ± n . Without loss of the generality, we only consider
The other corresponding notations are also written in the similar way. We say that a timelike surface M = X(U ) is an andti de Sitter horospherical flat surface (briefly, AdS-horo-flat surfce) if
By this definition, the AdS-horosphere is one of the typical totally umbilical AdS-horo-flat surfce. Now we consider an umbilically free timelike surface X : U −→ H 3 1 , where U ⊂ R 2 is a neighborhood around the origin. In this case, we have two kinds of lines of curvature, one of them is timelike curve, another one is spacelike curve. We assume that the u-curves correspond to the vanishing AdS-null principle curvature for the coordinate system (u, v) ∈ U . Firstly, we consider the case when the u-curves are timelike. By the AdS-null Weingarten formula, we have (u, v) . We now define a function
, so that F = 0 define a one-parameter family of AdShorospheres. By almost the same arguments as those of [19] , we have the following proposition. Moreover, we consider a timelike surface X :
where I, J ⊂ R are open intervals. We have the following proposition. The proof is almost the same as that of Proposition 4.2 in [19] , so that we omit it. By the above two propositions, we have shown that a AdS-horo-flat surfce can be reparametrized (at least locally) by
We now give the expression of the above parametrization. For any fixed v = v 0 , we assume that
Then we can define a curve by
This means that the curve γ is a unit speed timelike curve. Therefore t(s) = a 2 
, we have the unique solution of the natural equation k g (s) = 1, τ g (s) = 0 under the above initial data. Therefore we have the following proposition. 
On the other hand, we consider the case when the u-curves are spacelike. We define a timelike surface X ♯ :
where I, J ⊂ R are open intervals. By the similar arguments as those in the proof of Proposition 3.2, we have the following proposition.
Proposition 3.4 The timelike surface
is the envelope of the family of AdS-horospheres defined by F = 0.
We have shown that a AdS-horo-flat surfce can be reparametrized (at least locally) by
We now consider the meaning of the above parametrization. For any fixed v = v 0 , we assume that
This means that the curve γ is a unit speed spacelike curve. Therefore t(s) = a 4 
By the above proposition and Proposition 3.3, we have shown that the AdS-horo-flat surfce is given by the one-parameter family of AdS-horocycle. We call a timelike surface an AdShorocyclic surface if it is locally parametrized by one-parameter family of AdS-horocycle at any point. Especially, we call an AdS-horocyclic surface a TAdS-horocyclic surface or a SAdShorocyclic surface if it is locally parametrized by one-parameter family of TAdS-horocycle or SAdS-horocycle respectively. Eventually we have shown the following theorem. Proof. We take the flat TAdS-horo-surface as an example. So that the first part of the theorem is a corollary of Proposition 3.3. For the second part, we assume that M = X(U ), both the u-curve and v−curve are the lines of curvature which satisfy
and u−curve is a timelike curve. We now consider the parametrization
of M = X(U ). By a straightforward calculation, we have
is the null normal of M = X(U ) at X(s, v). So that we have the null normal G n which is constant along the s−curve. Since the s−curve is a TAdS-horocycle, it is the line of curvature with vanishing AdS-null principal curvature. 2
AdS-horocyclic surfaces
In this section we study general properties of AdS-horocyclic surfaces. Let a i : I −→ H 3 1
(i = 0, 1) and a 3 : I −→ S 3 2 be smooth mappings from an open interval I with ⟨a i (t), a 3 (t)⟩ = 0 and ⟨a 1 (t), a 2 (t)⟩ = 0. We define a unit spacelike vector a 4 (t) = a 1 (t)∧a 2 (t)∧a 3 (t). Therefore, we have a pseudo-orthonormal frame {a 1 , a 2 , a 3 , a 4 } of R 4 2 . By using this frame, we can define the following basic invariants:
Then we have the following fundamental differential equations:
We can rewrite this equations as follows:
where
We remark that A(t) ∈ SO o (2, 2) and C(t) ∈ so(2, 2), where so(2, 2) is the Lie algebra of the Lorentzian group SO o (2, 2). We define a mapping
where ε = ±1, g(t) = a 1 (t) + a 3 (t). In the case when ε = −1, we denote
.
By Proposition 3.3 and Proposition 3.5, we have a TAdS-horocycle
If {a 1 (t), a 2 (t), a 3 (t), a 4 (t)} is a pseudo-orthonormal frame field as the above, the 4 × 4−matrix determined by the frame defines a smooth curve
) is a smooth curve, then we can show that A ′ (t)A(t) −1 ∈ so(2, 2). Moreover, for any smooth curve C : I −→ so(2, 2), we apply the existence theorem on the linear systems of ODEs ( * ), so that there exists a unique curve
). Therefore, a smooth curve C : I −→ so(2, 2) might be identified with an AdS-horocyclic surface in H
This means that the curve C : I −→ so(2, 2) is a Lorentz invariant of the pseudo-orthonormal frame {a 1 (t), a 2 (t), a 3 (t), a 4 (t)}, so that it is a Lorentz invariant of the corresponding AdS-horocyclic surface. We write F A instead of
Let C ∞ (I, so(2, 2)) be the space of smooth curves into so(2, 2)) equipped with Whitney C ∞ −topology. By the above arguments, we may regard C ∞ (I, so(2, 2)) as the space of AdS-horocyclic surfaces, where I is an open interval or the unit circle. We assume that C ∞ T (I, so(2, 2)) is the space of TAdS-horocyclic surfaces and C ∞ S (I, so(2, 2)) is the space of SAdS-horocyclic surfaces, then we have that
Singularities of TAdS-horocyclic surfaces
We firstly consider the geometric properties of TAdS-horocyclic surfaces. Let F
We consider a parameter transformation
where (A) t denote the transposed matrix. It is obviously that
It follows that a 1 (t) is the curve on the TAdS-horocyclic surface F T (ā 1 ,ā 2 ,ā 3 ) (S, T ) defined by the equation S = 0. We call the above parameter transformation an T-adapted parameter transformation. By straightforward calculations, we have
where we denote c 1 (t) + c 4 (t) = c 14 (t) and c 3 (t) + c 6 (t) = c 36 (t) for simply. It follows that we have a 2 ,a 3 ) be a parameterization of a TAdS-horocyclic surface of the form
such that c 14 (t) never vanishes. Then the image of F
has a reparametrization of the form
where c 2 (t) = 0 and s(t) = −c 2 (t)/c 14 (t).
Proof. We define a 1 , a 2 , a 3 as the above notations. By a straightforward calculation, we have
We call the curve a 1 the striction curve of F
By the above proposition, we have the unique striction curve under the condition that c 14 (t) ̸ = 0, then it is given by the equation S = 0 after the above T-adapted parameter transformation. In the case when c 14 (t) = 0, there exist striction curve iff c 2 (t) = 0. Therefore, when c 14 (t) ̸ = 0 or c 14 (t) = c 2 (t) = 0, we may assume that a 1 (t) is the striction curve of F T (a 1 ,a 2 ,a 3 ) (s, t) which is given by s = 0 by an T-adapted parameter transformation.
We now consider the singularities of TAdS-horocyclic surfaces. By a straightforward calculation, we have
It follows that (s, t) is a singular point of F T (a 1 ,a 2 ,a 3 ) if and only if c 2 (t) = 0 and c 3 (t) = 0 for the T-adapted parameter transformation S = s(t) − s, T = t. The above condition is equivalent to the condition that S = 0 is a singular point. Then we have the following proposition. a 2 ,a 3 ) be a TAdS-horocyclic surface with the striction curve a 1 and c 14 a 2 ,a 3 ) (s, t 0 ). Therefore we assume that a 1 is a unit speed timelike curve. Since c 2 ≡ 0 and c 14 a 2 ,a 3 ) , then s 0 = 0 and hence x 0 is located on the image of a 1 . Since singular set is given by the set
We call the kernel direction of dF a 2 ,a 3 ) the null direction or the null vector field and denote it by η T . Then it holds that a 2 ,a 3 ) . Then we have the following: 
If c 14 c 2 ̸ = 0 at t 0 , then these conditions are equivalent to (I, s(2, 2) ). Therefore, we have the following theorem. 1 ,a 2 ,a 3 ) at a singular point is diffeomorphic to the cross cap.
Singularities of SAdS-horocyclic surfaces
In this section, we investigate the generic singularities of SAdS-horocyclic surfaces by a similar way as those of TAdS-horocyclic surfaces. Let F 
We consider another parameter transformation S = s − s(t), T = t for any smooth function s(t). We define
It is obviously that
It follows that a 1 (t) is the curve on the SAdS-horocyclic surface F S (â 1 ,â 3 ,â 4 ) (S, T ) defined by the equation S = 0. We also call the above parameter transformation an S-adapted parameter transformation. By straightforward calculations, we have
It follows that we have 
where c 2 (t) = 0 and s(t) = c 2 (t) c 36 (t) .
, a 2 (t)⟩ = 0. By the above proposition, we have the unique striction curve under the condition that c 36 (t) ̸ = 0, then it is given by the equation S = 0 after the above S-adapted parameter transformation. In the case when c 36 (t) = 0, there exist striction curve iff c 2 (t) = 0. Therefore, when c 36 (t) ̸ = 0 or c 2 (t) = c 36 (t) = 0, we may assume that a 1 (t) is the striction curve of F S (a 1 ,a 3 ,a 4 ) (s, t) which is given by s = 0 by an S-adapted parameter transformation. By a straightforward calculation, we have ∂F S (a 1 ,a 3 ,a 4 ) 
∂s
= a 4 (t) + sg(t) = sa 1 (t) + sa 3 (t) + a 4 (t); a 3 ,a 4 ) , then s 0 = 0, i.e., x 0 is located on the image of a 1 such that a 4 (t 0 ) is tangent to a 1 at t 0 under the condition a ′ 1 (t 0 ) ̸ = 0. We call the kernel direction of dF S (a 1 ,a 3 ,a 4 ) the null direction or the null vector field and denote it by ζ. Then it holds that a 3 ,a 4 ) . Then we have the following theorems: a 3 ,a 4 ) ) is a cross cap if and only if c 1 (t 0 ) = c 2 (t 0 ) = 0 and CR S (s 0 , t 0 ) ̸ = 0, where
(t)).
If c 36 c 2 ̸ = 0 at t 0 , then these conditions are equivalent to ) . F (a 1 ,a 2 ,a 3 ,a 4 ) at a singular point is diffeomorphic to the cross cap.
Theorem 4.8 There exists an open dense subset O⊂ C
In the end of this section we consider the geometric meaning of the invariant c 2 (t) and c 2 (t). By Theorem 3.6, a AdS-horo-flat surfce is an AdS-horocyclic surface F (a 1 ,a 2 ,a 3 ,a 4 ) with the null normal vector g(t) around a non-umbilical point. In this case, each AdS-horocycle is a line of curvature. However, at an umbilical point, any direction is a principle direction, so that the tangent direction of the AdS-horocycle is also a principle direction. Suppose that g(t) is a null normal vector field on F (a 1 ,a 2 ,a 3 ,a 4 ) . This means that G n (s, t) = g(t). It follows that G ns (s, t) = g s (t) = 0. Therefore, the tangent component Π p • G ns (s, t) of G ns (s, t) is always zero. By Proposition 3.4(2), the AdS-horocyclic surface F (a 1 ,a 2 ,a 3 ,a 4 ) is a AdS-horo-flat surfce if g(t) is a null normal of the timelike surface. We have shown the following proposition. F (a 1 ,a 2 ,a 3 ,a 4 ) (s, t 0 ) is a line of curvature.
Proposition 4.10 An umbilically free AdS-horo-flat surfce is (at least locally) an AdS-horocyclic surface with the null normal vector g(t). Conversely, if F (a 1 ,a 2 ,a 3 ,a 4 ) is a AdS-horocyclic surface and g(t) is a null normal vector field at any (s, t), then it is a AdS-horo-flat surfce. In this case each AdS-horocycle

Since ⟨g(t), g(t)⟩ = ⟨g(t), g ′ (t)⟩ = ⟨g(t), a 2 (t)⟩ = 0, g(t)
is a null normal vector at any (s, t) if and only if c 2 (t) = 0 or c 2 (t) = 0. This condition is equivalent to the condition that c 2 (t) = c 14 (t) = 0 or c 2 (t) = c 36 (t) = 0 respectively. By the above proposition, this means that F (a 1 ,a 2 ,a 3 ,a 4 ) is a AdS-horo-flat surfce if and only if c 2 (t) = c 14 (t) = 0 or c 2 (t) = c 36 (t) = 0. Thus, we say that F (a 1 ,a 2 ,a 3 ,a 4 ) is a flat AdS-horocyclic surface if c 2 (t) = 0 or c 2 (t) = 0 for any t. Especially, we call F (a 1 ,a 2 ,a 3 ,a 4 ) a flat TAdS-horocyclic surface if c 2 (t) = 0 or a flat SAdS-horocyclic surface if c 2 (t) = 0.
Flat AdS-horocyclic surfaces
In this section we study general singularities of flat AdS-horocyclic surfaces. We denote
and consider three linear subspaces of so(2, 2) defined by
By the definition of flat AdS-horocyclic surfaces, the space of flat AdS-horocyclic surfaces is defined to be the space C ∞ (I, fah(2, 2)) equipped with Whitney C ∞ −topology. We also define the space of flat TAdS-horocyclic surfaces or the space of flat SAdS-horocyclic surfaces by C ∞ (I, fah T (2, 2)) or C ∞ (I, fah S (2, 2)) equipped with Whitney C ∞ −topology respectively, where
It is obviously that fah(2, 2) = fah T (2, 2) ∪ fah S (2, 2).
Singularities of flat TAdS-horocyclic surfaces
By straightforward calculation, the singular points (s, t) of F 1 ,a 2 ,a 3 ) if the following conditions holds: T (t) < 0, ∀t ∈ I\{t 0 }. We now consider a flat TAdS-horocyclic surface with non-isolated singular points and the set of singularities is a union of curves in the parameter space I × R. In this case, there exist two branches of singularities at most except at the TAdS-horocyclic singular points. However such branches can pass through the TAdS-horocyclic singular points. We assume that one of the branches of the singularities is defined by
If we consider the T-adapted parameter transforation S = s(t) − s, T = t, then S = 0, T = t
where s = s(t) is one of the solutions of the equation Θ T (s, t) = 0 for any t. In this case we can reparametrize the TAdS-horocyclic surface by a 2 (t), a 3 (t). By the T-adapted parameter transformation, one of the branches of the singularities is located on the curve S = 0. So that, we may suppose that one of the branches of the singularities is located on a 1 (t). In this case, such singularities satisfy the condition c 3 (t) = 0. Therefore, we assume that c 3 (t) = 0 for any t ∈ I. Therefore, a ′ 1 (t) is parallel to a 2 (t) if a ′ 1 (t) ̸ = 0. Moreover, another branches of the singularities is given by the condition c 6 (t)s − 2c 5 (t) = 0. If c 6 (t) ̸ = 0, we define
where s(t) = 2c 5 (t) c 6 (t) . If c 6 (t) = 0, then c 5 (t) = 0, it follows that g(t) =Const= g. In this case a 1 is a curve located on a AdS-horosphere and the image of F a 2 ,a 3 ) is a subset of the AdS-horosphere (a one parameter family of TAdS-horocycles which are tangent to a 1 on a AdS-horosphere). This condition are equivalent to the conditions that c 2 (t) = c 3 (t) = c 14 = 0, c 1 ̸ = 0 and the set of singular points is equal to s = 0 except the TAdS-horocyclic singular points.
We now define a linear subspaces of so(2, 2) by 2) ) equipped with Whitney C ∞ −topology the space of flat tangent TAdS-horocyclic surfaces. In this space, one of the branches of the singularities of the flat TAdS-horocyclic surface is always located on the image of a 1 .
We consider the singular flat TAdS-horocyclic surfaces. By the Thom's jet-transversality theorem [1, 24] , there exists an open dense set O⊂ C ∞ (I, fah T (2, 2)) such that for any C ∈O, it satisfies the condition that (∆
is flat TAdS-horocyclic surface with an isolated singular point, there exists t 0 ∈ I such that ∆
∈O. This means that the set of flat TAdS-horocyclic surface with an isolated singular point is not generic in the space of flat TAdS-horocyclic surface. So that the flat tangent TAdS-horocyclic surface is more interesting in the space of the flat TAdS-horocyclic surface.
We now give the classification of singularities of the flat TAdS-horocyclic surface. In this case, we see that the normal vector of F T (a 1 ,a 2 ,a 3 ) is well-defined and it is g = a 1 + a 3 . This means that F T (a 1 ,a 2 ,a 3 ) is a frontal. Moreover we see that
We call λ T the T-signed area density function. a 2 ,a 3 ) , by the criteria for singularities of fronts and frontals [6, 21] , we have the following. Proof. We see The criterion for cuspidal edge is the following: F at (s, t) is a cuspidal edge if and only if F is a front and η 
Theorem 5.1 Let F be a flat TAdS-horocyclic surface and (s, t) ∈ S(F ). Then the following assertions hold. (1) F at (s, t) is a front if and only if c 36 ̸ = 0. (2) F at (s, t) is a cuspidal edge if and only if
c 36 ̸ = 0, c 1 (c 5 − sc 36 ) − (c ′ 3 + sc ′ 5 − s 2 c ′ 36 /2) ̸ = 0. (3) F at (s, t
) is a swallowtail if and only if
Then ϕ(t) = (c 1 (t) + s(t) ′ )c 36 (t). The criteria for cuspidal cross cap is the following: F at (s, t) is a cuspidal cross cap if and only if F is not a front, η T λ T ̸ = 0, ϕ = 0 and ϕ ′ ̸ = 0. Applying this criteria, we have (6) . 2 We also give the classification of singularities of the flat tangent TAdS-horocyclic surfaces. In this case, we have c 2 (t) = c 3 (t) = c 14 = 0 and all TAdS-horocycles are tangent to a 1 . We have the following corollary: We now consider the generic singularities of flat TAdS-horocyclic surfaces. As a result, we have the following theorem.
We 
Singularities of flat SAdS-horocyclic surfaces
In this section, we will give the classifications of singularities of flat SAdS-horocyclic surfaces by the same arguments as those of the flat TAdS-horocyclic surfaces. We only state the fundamental data here and omit the detailed arguments. By straightforward calculation, the singular
So that the flat SAdS-horocyclic surfaces F S (a 1 ,a 3 ,a 4 ) has singular points (s, t) if and only if Θ S (s, t) = 0 has real roots. Under the condition that c 14 ̸ = 0, this condition is equivalent to the following condition a 3 ,a 4 ) is a flat tangent AdS-horocyclic surface if c 1 (t) = c 2 (t) = c 36 = 0. We also define a linear subspaces of so(2, 2) by
We call space C ∞ (I, fah S t (2, 2)) equipped with Whitney C ∞ −topology the space of flat tangent SAdS-horocyclic surfaces. In this space, one of the branches of the singularities of the flat SAdS-horocyclic surface is always located on the image of a 1 .
We now give the classification of singularities of the flat SAdS-horocyclic surface. In this case, we see that the normal vector of F S (a 1 ,a 3 ,a 4 ) is well-defined and it is g = a 1 + a 3 . This means that F S (a 1 ,a 3 ,a 4 ) is a frontal. Moreover we see that a 3 ,a 4 ) , by almost the same proofs as those of Theorem 5.1 and Corollary 5.2, we have the following. We can also study the generic singularities of flat SAdS-horocyclic surfaces by the same arguments as those of Theorem 5.3. We only give the result. In this section we consider the duality of the singularities between curves and surfaces in H 3 1 and Λ 3 by using the Legendrian dualities developed in [3] . We first review the ∆ 2 -duality.
Theorem 5.6 (1) There exists a residual subset
Where, 22 (0) define the same tangent hyperplane field over ∆ 2 which is denoted by K 2 . We have shown in [3] that (∆ 2 , K 2 ) is a contact manifold such that both of the fibrations π 21 and π 22 are Legendrian fibration. In [3] we defined four Legendrian fibrations (∆ i , K i ) (i = 1, 2, 3, 4) such that these are contact equivalent to each other. Here, we only use (∆ 2 , K 2 ). For definitions and basic results of Legendrian fibrations, see [1, 3] . We say that smooth mappings f : U −→ H 3 1 and
is a timelike immersion, the AdS-nullcone Gauss image G ± n of X and X are ∆ 2 -dual. We now define two surfaces by using the pseudo-orthonormal frame {a 1 , a 2 , a 3 , a 4 } defined in §4 as follow:
and
We call them a nullcone circular surface and a nullcone hyperboloid respectively. For any fixed t 0 ∈ I, we have a circle G T (θ, t 0 ) = a 1 (t 0 ) + cos θa 3 (t 0 ) + sin θa 4 (t 0 ) and a hyperbola G S (θ, t 0 ) = a 1 (t 0 ) + sinh θa 2 (t 0 ) + cosh θa 3 (t 0 ) respectively. We remark that both of the above curves pass through the point g(t 0 ) = a 1 (t 0 ) + a 3 (t 0 ) and we call them a generating circle and a generating hyperbola respectively.
Singularities of AdS-flat tangent nullcone circular surface
In this subsection, we give a classification of singularities of a special kind of nullcone circular surfaces. By a straightforward calculation, we have ∂G In this case, we have
It follows that S(G
So that (0, t) is always singular if and only if c 14 (t) = 0. In this case, g ′ (t) = c 6 (t)a 4 (t) and the generating circle is tangent to g(t). We call G T an AdS-flat tangent nullcone circular surface if c 2 (t) = c 3 (t) = c 14 (t) = 0. This condition is equivalent to the condition that F T (a 1 ,a 2 ,a 3 ) is a flat tangent TAdS-horocyclic surface such that one of the branches of singularities is located on the set (0, t). In this case, we see that the normal vector of G T is well-defined and it is a 1 . This means that G T is a frontal. Moreover we see that
We call ξ T the T-signed null area density function. By using the same method as the proof of Theorem 5.1, we can show the following theorem. For the proof of above theorem, we can use almost the same way as those of Theorem 5.1. We will omit the detailed arguments and only state the fundamental data here.
Then ϕ(t) = c 1 (t)(c 6 (t) + θ ′ (t)). We remark that we can also use the admissible lift which was developed in [6] to instead of ϕ(t). Since the key of the criterion for cuspidal cross cap is to find some non-degenerate normal. As it turns out, a 1 is just one of the candidate what we wanted, so that we use ϕ(t) here.
On the other hand, we can show that ⟨F
Therefore, we have two well defined mappings
Since g(t) (respectively, a 1 (t)) is the normal of F a 2 ,a 3 ) ,g) (respectively, L (a 0 ,G T ) ) is an integrable mapping with respect to K 2 . So that F T (a 1 ,a 2 ,a 3 ) (s, t) and g(t) (respectively, a 1 (t) and G T (θ, t)) are the ∆ 2 -duality.
Comparing Theorem 6.1 with Corollary 5.2 when singular point is (0, t), we observe a certain duality between the swallowtail and cuspidal cross cap as pointed out by many researchers, for example, [6, 19, 20, 26] . We can also observe a self-duality of cuspidal edge. Furthermore, we can show the following result as a consequence of Theorem 6.1. 
Corollary 6.2 Let F
Singularities of AdS-flat tangent nullcone hyperboloid
In this section, we study the classification of singularities of a special kind of nullcone hyperboloid by using the similar way as those of nullcone circular surfaces. By straightforward calculation, we have ∂G
. Thus, a 1 (t) is an Anti de Sitter normal (briefly, AdS-normal) at any regular point (θ, t) if and only if
for any θ ∈ R. This condition is equivalent to the following
In this case, we have
It follows that S(G
So that (0, t) is always singular if and only if c 36 (t) = 0. In this case, g ′ (t) = c 4 (t)a 2 (t) and the generating hyperbola is tangent to g(t). We call G S an AdS-flat tangent nullcone hyperboloid if c 1 (t) = c 2 (t) = c 36 (t) = 0. This condition is equivalent to the condition that F S (a 1 ,a 3 ,a 4 ) is a flat tangent SAdS-horocyclic surface such that one of the branches of singularities is located on the set (0, t). In this case, we see that the normal vector of G S is well-defined and it is a 1 . This means that G S is a frontal. Moreover we see that
We call ξ S the S-signed null area density function. By using the same method with Theorem 6.1, we can show the following theorem. By the Frenet-Serret type formula, we have
Then c 1 (t) = 1, c 2 (t) = c 3 (t) = 0, c 4 (t) = κ g cos θ(t), c 5 (t) = −κ g (t) sin θ(t) and c 6 (t) = θ ′ (t) − τ g (t). Thus, F T (γ,t,n θ ) is a flat TAdS-horocyclic surface if and only if c 4 (t) = −c 1 (t). We assume that κ g (t) ̸ = 0, so that the last condition is equivalent to cos θ(t) = −1/κ g (t). By Corolary 5.2, F T (γ,t,n θ ) is a front if and only if θ ′ (t) ̸ = τ g (t). This condition is equivalent to
. F T (γ,t,n θ ) is a cuspidal edge at (0, t) if and only if
. F T (γ,t,n θ ) is a cuspidal edge at (s = 2c 5 /c 6 , t) if and only if 
. F T (γ,t,n θ ) never be a swallowtail and cuspidal beaks along γ.
We now consider spacelike curve as the vanishing AdS-null principle curvature. Let γ : I −→ H Example 7.2 Let θ : I → R be a smooth function. We consider two vector fields n θ (t) = sinh θ(t)n(t) + cosh θ(t)e(t) and e θ (t) = cosh θ(t)n(t) + sinh θ(t)e(t). It follows that n(t) = sinh θ(t)n θ (t) − cosh θ(t)e θ (t) and e(t) = − cosh θ(t)n θ (t) + sinh θ(t)e θ (t). Therefore, we have n ′ θ (t) = κ g (t) sinh θ(t)t(t)+(θ ′ (t)−τ g (t))e θ (t) and e ′ θ (t) = κ g (t) cosh θ(t)t(t)+(θ ′ (t)−τ g (t))n θ (t). We consider the pseudo-orthonormal frame A θ = (γ(t), n θ (t), e θ (t), t(t)) t ∈ SO o (2, 2) and define an SAdS-horocyclic surface as follows. (γ(t) + e θ (t)),
By the Frenet-Serret type formula, we have
Then c 1 (t) = c 2 (t) = 0, c 3 (t) = 1, c 4 (t) = θ ′ (t) − τ g (t), c 5 (t) = κ g (t) sinh θ(t) and c 6 (t) = κ g cosh θ(t). Thus, F S (γ,e θ ,t) is a flat SAdS-horocyclic surface if and only if c 6 (t) = −c 3 (t). We assume that κ g (t) ̸ = 0, so that the last condition is equivalent to cosh θ(t) = −1/κ g (t). By Corolary 5.5, F S (γ,e θ ,t) is a front if and only if θ ′ (t) ̸ = τ g (t). This condition is equivalent to
. √ κ 2 g + 1
) .
F S (γ,e θ ,t) never be a swallowtail and cuspidal beaks along γ.
